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Chapter 12- Curved space vector Calculus

We have defined vector function 7(t) =< x(t), y(),z(¢t) >where the components are

function of time (Parametrized "t") and increasing the parameter "¢" determines the
orientation of the Curve C.



Example: Graph of Curve C:7(t) =< aCos(t),aSin(t),bt > is a circular helix. If the curve
has smooth parametrization and it does not intersect itself then the arc length can be

dy ., ,dz,
)" +(—)" dt
z) (dt)

1

b
calculated in 3D Space as follows L = I\/(@)z +(
t

Practice: Find the arc length of the above circular helix in terms of a, b for interval [0,1].

Homework set 1 (12 questions)

Problem: Find the arc length of the parameterized curves below.

1. x()=5t, yt)=4", z()=3t", 0<t<2
2. F(t) =<t>,tSin(t),tCos(t) > 0<t<l1
3. F(t)=<e'Cos(t), e, e'Sin(t)> 0<t<2rx

Problem: Sketch the curve C determined by 7(¢)and indicates the direction (orientation)

of increasing time.

4) 7(t)=<e'Cos(t), e'Sin(t)> 0<t<n 5) F(tH)=<t, 2t*, 3t > VteR

6) 7(t) =< 2Cosh(t), 3Sinh(t) > VteR 7 F(t)=<t>, t*, t> 0<t<4

8) F(t)=<t>+1, 1, 3> VieR 9) 7(f) =< 6Sin(t), 4, 25Sin(t) > [-27,27)
10) 7(t)=<t, t, Sin(t)> VteR 1) 7(f)=<t, 2t, ' > VieR

12- a) Show that a twisted cubic 7(f) =<at, bt*, ct’ > VteR'intersect any given plane

in at most three points.



b) Find the length of the twisted cubic 7(f)=<6¢ 3t>, £’ > 0<t<1

In classical Physics, o know the equation of motion of a particle, two properties of a

particle are needed. These two are Position and Velocity of the particle. Classically one can
measure both of them at the same time.

If 7(t)=< f(t), g(t), h(t)>is position of particle at any time, then with a very small

change At the position vector changes to 7(t+ At) =< f(t+ At), g(t+ At), h(t+ At) > so

rF(t+At)—7(t)
(A7) '

change in position is A7(t) = 7(t + At) — 7(¢t)and the average speed is

Instantaneous Speed: The limit of average Speed as the change in time goes to zero

vie) A+ A

rF(t+At)—r(t) ()

Fo=lim—— 4,

Continuity

The Vector function 7(t)is said to be continues at ¢ =¢,if, o each ¢ >0, there

corresponds a 6 > 0 such that |17(t) —F(t0)| <& |t —t0| <o

If 7(t)=< f(t), g(t), h(t)>then velocity vector and acceleration vector are

2 2

V() =7 (t)—<—f(t) g(t) —h(t)>0nd a(f)—*"(t)—<—f() 2g(f) a h(t)>

Example:  7(t) =< rCosh(at), rSinh(awt), 0 >is a Hyperbola with¥()and (r)
7'(t) =< anSinh(awt), arCosh(wt), 0>, 7"(t) =< w’rCosh(at), @ rSinh(at), 0 >= &7 (t)

Since 7"(t) = @’7(t) Then acceleration and position are in the same direction.



Since force is product of mass and acceleration for constant mass, then F =mri(t)o’

Projectile motion: If acceleration and initial velocity and position are given, one can

find the velocity and position vector by simple integration. Let's turn the axes ina

direction so that the particle moves on the x-y plane. Then F =md and d =< 0,—~g > m/ s>

v =< (vCos 0), —gt + (vSin@) >and 7(t) =< (vCosO)t + x,,, _—2gt2 +(WSinO)t +y, >

’

g

7/ T
é e

N

Unit tangent vector to a curve: Unit tangent vector is the direction velocity of
r'(t)
()

the particle at a given time. It can be calculated T'(¢) =

Smooth Curves: If the speed of a particle is zero at ¢, = 0 then the particle is at rest.

If 7'(t,) =0and 7'(¢) # 0 then curve 7'(¢)is not a smooth curve.

It means that if the velocity is zero at some time then the world line is vertical in space-
time diagram. If at time "¢" the speed is not zero, then the world line changed direction
and it is not smooth curve.

TIME

some timeglater

Space

To find the tangent line to a curve:

()
F(0)

1- Find 7'(¢)and then unit tangent vector T'(r) =




2- At the given point, find time "¢".
3- Use"t" to find T(r)as the directional vector and write the equation of tangent line.

Note: To solve a problem in Mathematics you can use 7'(¢)for directional vector.

Examgle: Find the tangent line to a parametric equation 7(f) =<2t’ —1, =5t +3, 8¢ +2 >
at point P(1, -2, 10).

Step 1- F'(t)=<6t>, —10t, 8 >
Step2- 267 —1=1 —-5"+3=2 8+2=10 ¢=1sec

= <6,-10,8 >
F'(1)=<6, -10, 8> and T(l) = ———
200
w0 -1+332,
10
x(t)=1+6t
i 4 V2, F 2 T
Step 3- [:9y(t)=-2-10¢ if youuse 7'(t)or [:<y(t)=-2——r1 if youuse T(t)=—
2 F(0)
z(t) =10+ 8¢
242
z(t) = 10+Tt

Graph of parametric equations in 2D Space

Method 1: Evaluate the vector function at different values of ¢ (time).

x(t)=2t-1
Example: { (( )) R Plot x and y only and indicate the direction of increasing time
)=t
t X y
-2 -5 4
-1 -3 1
0 -1 0
1 1 1
2 3 4
il Foy
(=2.1) A)
o i > R



Method 2: Eliminate the parameter "¢" and write the equation in terms of x and y only

x(t) = (v,Cos O)t

_ o x(0) .
Example: ) = _?1gt2 + (v, Sinb) solve for ¢ = v-Cos B plug it into ()
Y0 =le x(” 27+ (5, Sin0)( X0y 4 (Tan6)x

v,Cos @ 2v? oCos

This quadra‘rlc equa‘hon with a negative coefficient of x”is a concave down parabola and
guarantees object with mass and low velocity will return back to earth. Objects with high
velocity more than 7 mi/sec can escape the earth gravitational field. (A bit over 30 times
the speed of sound). How do you explain the fact that high velocity escapes the earth
with the above equation?

Unit Normal vector and Binormal vector

, - T'(¢
Unit normal vector is the unit vector of rate of change of unit tangent vector N(t) = — @) .

Binormal vector is the cross product of unit tangent vector with unit normal vector
B(t) = T(f)x N(¢) therefor B(t) LT(t) and B(t) L N(¢)

T®

N

B(t)

Bi-normal is coming out of the page and it is orthogonal to the plane created by tangent
and normal vectors

Example: 7(r)=<t, *> = ¥F()=<1, 2t> = F"(t)=<0, 2>

F(t), 7'(t), and ¥"(t) are not orthogonal to each other except att=0.
Let's look at the unit tangent and normal vectors.
ity <1, 2t> - T'(t) <-2t 1>
F'(O| Jart +1 Var® +1

other, So T(f)e N(f) =0
Pk 1 1

B()=|1 2t 0 = (4t + l)lg =<0, 0, 1> This shows that Bi-normal is
v 10 47 +1 47 +1

T(t) =

these two are orthogonal to each

independent of ftime and it is always constant, therefore the curve is in 2D.




Tangent plane, Normal plane, and osculating plane

tl;ﬁﬁ

=3

T

Plane is a point and its Normal vector

e Tangent plane is a point and Normal vector
e Normal plane is a point and Tangent plane
e Osculating plane is a point and Bi-normal plane

Homework set 2 (6 questions)

Problem: Find the tangent line to a parametric equation at the given point.

1.

6.

x()=4Jt, y(0)=t>-10, z(t)=4/1, P(@, 6, 1)

7(t) =< t*,tSin(t),tCos(t) > t=1

r(t) =<tSin(t), tCos(t), t> P(r/2, 0, n/2)

#(t) =<10¢, =5¢> +10¢ > Find 7'(t), 7"(¢), and T(¢) at the following times 0, 1, and 2s.
7(t) =<10¢t, —=5¢* +10¢ > Graph 7'(t), 7"(t)and find the distance traveled (Arc length).

F(t)=<t, t* > Write an equation for Tangent plane, Normal plane, and osculating plane

att=0, t=1sec

Curvature is defined as rate of change of unit tangent vector per unit length x =

Curvature

dT

S




Space curvature creates acceleration

Look at arc pq and the angle difference between tangential vectors at end points. Look at
the arc p,q, [which is the same length as arc pq ] and the angle difference between

tangential vectors at end points. Larger Curvature has larger angle difference in Tangent

. 1
vectors and smaller the radius of curvature. (x = —)
Yo,

Acceleration: Start with 7(¢) = r@ then we can rearrange it to 7'(t) = |17’(t)| T(t).

@)

Differentiate to get 7"(¢) = (d Sj T(t)+ [%} T'(¢)

The 2" term was expanded by chain rule as follow = £ T@- ( j(dT)(dS)
— ds | dt

BTN} (B Al 4T

dt \ds \di) “a’ \ ds ds )’

_ 2 2
(d_szk‘N VZK:V_:aN ﬁ :aT
ds P dt’

So 7"(f) = a,T +a, N Equation of acceleration involves curvature

Now we can intrudes a new set of Bases {T(r), N(t), B(t)}. These set of Bases are

function of time and they are not fixed in space time unlike {i, 7, lé}.

Let's find curvature
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We start with this product

T N B
oy | ds s ds o= m = dS oz = o S . = =
FIxr" = ?Zt 0 0 —B(EY‘T‘_(TxN)(E)ZT —(TxT)(E)Z Since N|T'|=T

d_j éf' 0

dr*  dt
Since‘f‘ =1then |[F'x 7’| :‘T"(ﬁ)2 and then |T" :M and x = ]:’(t)| _r Xr3

dt By 7] 7o)
dt

Practice: How does the formula for Curvature look like in other coordinate systems?

In rectangular coordinates i = /@) Hint: Use 7(x) =<, f(x) >

I+ (Or)™"

‘2(7/')2 —rr'+ rz‘

7+ 12 Hint: Use 7(x) =<rCos8,rSin0 >

In Polar coordinates x =
Theorem: if 7(t)is differentiable and |;7(t)| = constthen 7'(t)er(t)=0

- . . . d _ - I d
If |r(t)| =const, r(t)er(t)=r"(t)=const, E(r(t) o7 (2)=2r(t)er'(t) = Z Const =0

Homework Set 3 (5 questions)

1- Derive the formula for Curvature in

/()
(A+[f' (D))"

a) Rectangular coordinates x =

‘2(7”')2 —rr'+ r2‘

b) Polar coordinates x =

(}"'2 +r2)3/2
rn [Vl
c) Parametric coordinates k = M
12 +g/2]3/2

2- Given F(t)=<t’,t>

a) 6raph 7(t)
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b) Find 7(1), N(1) Then Draw them
¢) Find the arc-length of the curve [0,1]
d) Find x(0), x(1).

3- Given 7(t) =< rCos(at),rSin(at) > Show that 7(¢)¥(t) =0, a(t)y(t) =0, and d = —’F

MNE e
e
C D o
&)
~ Figure for problem 3 X Figure for problem 4

4- A point is rotating about z axis on a circle of radius r that lies on the plane z = Zwith a
constant angular speed w = d@/dt. Show that a(t) x 7 (t) = v(t).

5- Use Newton's 2" IawZﬁ =ma for a constant mass in addition to the information from
all

the last problem @(t)x7(t) =v(t)and combined with d = —@”7 from problem 3, show that

SF=m”

2
all r

Accelerationisd =a,T +a,N=vT +x*>Nwherex =1/ p. And pis radius of Curvature.

a, =v' = Comp’ = v :a _r (t);r (®)
i F(0)
Fixr| F(H)xF"(1)
aN:Kv2:|_>’ - (t)|2:| — |
7 (0) (1)
Some basic parametrized curved
) x(t)=h+rCos(wt) ) x(t)=h+aCos(wt)
Circle Ellipse
y(t) =k +rSin(wt) y(t) = k+bSin(wt)
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x(t)=v,t+x, x(t)=vit+x,
Parabola Line { !

1
y(t)zaat2 +V,E+ Y, W) =v,i+y,

x(t) =h+aCosh(wt)
y(t) =k +bSinh(wt)

x(t) =h+aSec(wt)

Hyperbol
pernoid {y(t) — k+bTan(er)

Hyperbola {

Re-Parametrize the curve respect to s

Stepl: Given7 (t), find |F'(¢)|

t
Step2: Evaluate s = I F’(t*)‘dt*and then solve for ¢in terms of 5.
0

Step3: Replace tby function of sin7(¢).

R 2t —4  2-27 _ 2
a) Given F(t) =< -1, > and 7'(f) =< , >therefor |F'(t)| =
) © 1+¢2 1+¢ e (1+£2)*" 1+ e 1+
r2
b)s =I —dt" =2Tan"' (1)  t=Tan(s/2)
o1+t

c) Replace tby function of sin7(t). Use trig identities to get 7 (s) =< Cos(s), Sin(s) >

Homework Set 4 (7 questions)

1- Show the work for Re-parametrize 7(t) =< | th -1, | 222 >into7(s) =< Cos(s), Sin(s)>
+ +

2- For curve 7(t) =< Sin(t), t, Cos(t) > Show that
a) | =|F"(s)| b) F'(s)e7"(s)=0 c) 7(s)eF'(s) =1
3- Find the curvature of the following polar curves
a) r=1+Sin b) r=aSin6 c)r=40 d) r=e’
4- Find a, and a, for the curve given by 7(f) =<2t, t*, (-1/3) >.

5- Find the following differentiations
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a) %[?(t)x?'(t)h b) %[wvan:

Let F(f) = LA GLIAG]
6- Let 7(¢) =< x(t), y(t), z(t) >Show that v 7(1) |;7(t)|
7-If u(t)=7r(t)o[F'(t)x F"(t)]show thatu'(t) =F(t) o [F'(t) x F"(¢)]

Show that Exercises

) df dT dT df
dT E dt dt E

1-Show Tha‘rd—T =x N

_— — = — =K N
ds ds ds||qT|| ds |aT
dt | | 4t dt |4t
d¢ L= .
2- Show thatx = e Given T =T < Cos $, Sin¢ >
s
_|aL] _|dT d¢| _|dT)dé =‘< —Sing, Cos¢ >‘ﬂ‘= 49
ds| |d¢ ds| |d@|ds ds| |ds
If dar| _|dé does not mean that T = ¢
ds ds
3- Show that 9B 1B
ds
dB

9B G- FxNyoB=(LTxN)oB+(TxLNyoB=(VxN)oB+(Tx(al+bB))eB=0
ds ds ds ds

4- Show that d—B 1T
ds

9B oo L G fyF =L LG W) F = L[ W)+ (Fx NT
S r

[

:ﬁ[fo(f'xﬁ)+fo(fx]v')]20 Since T'x N = 0and T o (T x N) = O then ‘;—Bof=0
r A



—

5- Show that B _ —T(S)]V Where 7, is torsion of the curve

ds
N = BxTSince a8 1 fandd—B 1 Bthen d—B// Nwhich means B _ aNWhere a = T
ds ds ds ds ‘

6- Show that for a plane carver, =0

For a plane curve, unit Tangent vector and unit Normal vectors stay in a plane then
Binormal vector stay constant so the rate of change Bi-normal in respect to arc-length is

B .
zero cz;— =0 therefor the torsion is zero.
s

7- Show that G T(V)E — T
ds ‘

W _a

I S Lo L L
— (BxT)=(—BxT)+(Bx—T)=(-17, NxT)+(Bxx N)=1, B—«T
s ds( ) =( s )+( s )=(-7 )+ ( ) =1

Vectorial Mechanics

In classical Mechanics the momentum P of an object is defined by P(t) = m¥(¢) (a scalar

multiplication). The net force is the rate of change of momentum F = C;—P = di(mﬁ)
t t

= d—mﬁ + mi(ﬁ)for a non-changing mass the net force is product of mass and

dt dt

acceleration. F :mdi(f)).
t

b
Work is dot product of force and displacement W = IF" e ds for non-changing force the

work is simply W = F o (5)

aw (F e 5)for non-changing

The power is rate of change of work per unit time P = o :%
force P:d—Wzﬁoi(E):F“oﬁ
dt dt

Kinetic Energy KE = %m(ﬁ °V) = %mv2

14
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Dynamic of rotations

Torque is cross product of moment arm and applied forceI'(r) = 7(f) x F(t)

Angular momentum is cross product of moment arm and linear momentum L(¢) = 7() x P(¢t)
d - - - = :
So EL(t) =r(t)x F(t) =T Torque is equal to rate of change of angular momentum.
t

Central forces, forces which act along the line of the position vector, produce no forque.
Given F(t) = C(t)7(t) where C(¢)is a scalar function

() =F()x F(t) = F(t)x C()F(t) =0
. = - dL .
If angular momentum is constant thenI'(¢) = e 0, there will be no forque generated.
t

Homework set 5 (6 questions)

1- Show that for central forces, angular momentum is constant and also if the angular

momentum is constant, the force is zero or it is a central force.

2- Find curvature for y = x?at (0,0), (1,1), and (2,4). Find radius of curvature for each

and then find equation of circle tangent to the curve at point(2,4).

3- Find equation of circle tangent to curve y = x’at point x. Then find the rate of change

of area of the circle per length. Is the rate of change concave up or down? Is the rate of
change increasing or decreasing?

What is the graph of x* + y* = a’in 3-D? If Cis a curve in plane S and L is a line not

parallel to S, then the set of all points generated by moving line traversing C parallel to L
is called Cylinder and the curve C is called the directrix of the cylinder.

4- Graph the following in 3D.
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A sphere is the set of all points P in 3D -Space that are equidistant from a fixed point

called the center. x*+3y” +z° = p’

Quadratic Surfaces: Ax? + By* + Cz* + Dx + Ey + Fz + G =0 with no cross terms.

2 2 2 2 2 2
a) Ellipsoid: = +2 +% =1 b) Hyperboloid of one sheet = +2__Z -1
) Ellip az+bz+c2 ) Hyp f aerb2 c?
. x2 y2 ZZ x2 y2
c¢) Hyperboloid of two sheets Tt e s -1 d) Paraboloid St
2 2 2 2 2
e) Cone — + y—2 = i—z f) Hyperbolic paraboloi 2—2 - ;;—2 =cz

5- Cut each of the above quadratic surfaces with three planesx =0, y =0andz=0. What

is the name of the curve of intersection of the planes and quadratic surfaces?

Surface of revolutions: If there is any axis of symmetry

Equation of the Curve C Axis of symmetry Equation of Surface S
f(x,»)=0 X — axis f(x, £ y* +22)=0

f(x,y)=0 y —axis fENE +22, ) =0
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6- Write out the Equation of Surface S for the following Curves rotated around an axis:
a) y = x’Rotated around y — axis
b) 4x* + y*> =16Rotated around x — axis

¢) y =zRotated around z — axis



